EXACT EXPONENT OF REMAINDER TERM OF 
GELFOND'S DIGIT THEOREM IN BINARY CASE 



VLADIMIR SHEVELEV 

Abstract. We give a simple formula for the exact exponent in the 
remainder term of Gelfond's digit theorem in the binary case. 



1. Introduction 
Denote for integer m>l, aG[0,m — 1]. 

0<n<a;, n=a mod m, s{n)=j mod 2 

where s{n) is the number of I's in the binary expansion of n. 
A. O. Gelfond [5] proved that 



(2) Tj;il{x) = ^ + 0{x'), J =0,1, 

where 



(3) A = !^ = 0.79248125 . . . 

In 4 

Recently, the author proved [9] that the exponent A in the remainder 
term in ([2]) is the best possible when m is a multiple of 3 and is not the 
best possible otherwise. 

In this paper we give a simple formula for the exact exponent in the 
remainder term of ([2]) for an arbitrary m. Our method is based on con- 
structing a recursion relation for the Newman-like sum corresponding to 

m 

(4) S^Ax)= Yl (-1)^^"^ 

0<n<x, n=a mod m 
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It is sufficient for our purposes to deal with odd numbers m . Indeed, it 
is easy to see that, if m is even, then 

(5) ^„,„(2a;) = (-l)"%,Lfj(^)- 

For an odd m > 1, consider the number r = r(m) of distinct cyclotomic 
cosets of 2 modulo m [6, pp. 104-105]. E.g., r(15) = 4 since for m = 15 we 
have the following 4 cyclotomic cosets of 2: {1, 2, 4, 8}, {3, 6, 12, 9}, {5, 10}, 
{7, 14,13,11}. 

Note that, if Ci, . . . ,Cr are all different cyclotomic cosets of 2 mod m, 
then 

r 

(6) [jCj = {l,2,...,m-l}, C,,nC,, = 0, 3i^j2- 
Let h be the least common multiple of |Ci|, . . . , |Cr.|: 



(7) h=[\C,l...,\Cr\] 

Note that h is of order 2 modulo m. (This follows easily, e.g., from 
Exercise 3, p. 104 in [8]). 

Definition 1. The exact exponent in the remainder term in ^ is a = 
a{m) if 



71» = ^ + 0(x°-^^), 



and 



Ti^.{x) = ^ + n{x^'n, Ve>0. 
Our main result is the following. 

Theorem 1. If m > 3 is odd, then the exact exponent in the remainder 
term in ^ is 



(8) a = max ( 1 + — — f In 

k=0 



sm ■ 



m 



Note that, if 2 is a primitive root of an odd prime p, then r = l, h = p—1. 
As a corollary of Theorem 1 we obtain the following result. 
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Theorem 2. If p is an odd prime, for which 2 is a primitive root, then the 
exact exponent in the remainder term in ^ is 

Inn 

(9) a ^ 



(p- l)ln2' 

Theorem 2 generahzes the well-known result for p = 3 ([?], [2], [1]). 
Furthermore, we say that 2 is a semiprimitive root modulo p if 2 is of order 
2^ modulo p and the congruence 2^ = —1 mod p is not solvable. E.g., 2 is 
of order 8 mod 17, but the congruence 2^ = —1 mod 17 has the solution 
X = 4. Therefore, 2 is not a semiprimitive root of 17. The first primes for 
which 2 is a semiprimitive root are (see[10], A 139035) 

(10) 7, 23, 47, 71, 79, 103, 167, 191, 199, 239, 263, . . . 

For these primes we have r = 2, h = ^y'- a second corollary of 
Theorem 1 we obtain the following result. 

Theorem 3. If p is an odd prime for which 2 is a semiprimitive root, then 
the exact exponent a in the remainder term in ^ is also given by 

In Section 2 we provide an explicit formula for Sm.a{x), while in Sections 
3-5 we prove Theorems 1-3. 

2. Explicit formula for Sm,a{x) 
Let [a;J = A^. We have 

N-1 , rn-lN-l 

■ (n — a)t 



Sm,aiN)= E (-ir^"^ = ^EE(-ir^" 

n=0,m\n—a t=0 n=0 



' e ™ 



^ m— i iv — i 
^ t=0 n=0 

Note that the interior sum is of the form 



N-1 

(12) $a,/3(A) = E e2^i(/3(n-a)+|s(n))^ < /? < 1. 

n=0 

Putting 

(13) Fp{N) = e2-^'^$„,^(Ar), 
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we note that Fis^N) does not depend on a. 
Lemma 1. If N = 2"'' + 2"^ + . . . + 2"% > > . . . > > 0, then 



(14) F^(iV) = ^e2.i(/3E-o^2''.+f) JJ(i + e2.^(/32'=+i))_ 

5=0 fc=0 



Proof. Let a = 0. Then by ([T2]) and ([T3 

N-l 



n=0 



(15) = 1 _ ^ e^-'^^^' + J] 



,2^/3(2^1+2^2) _ 
j=0 0<ji<j2<l'0-l 

A;=0 

which corresponds to 0141) for a = 0. 

Assuming that (fT^ is vahd for every with s{N) = cr + 1, let us consider 
Ni = 2''''b + 2""+^ where b is odd, s{b) = a + 1 and u^+i < v^. Let 

N = 2''"6 = 2"° + ... + 2""; Ni = 2''° + ... + 2"" + 2"^+^ 
Notice that for n G [0, 1'a+i) we have 

s{N + n) = s{N) + s{n). 

Therefore, 

27ri(/371+is(7l)) 



F^(Ar)+ ^ e 



27ri(/3n+/3Ar+i(s(Ar)+s(n))) 



n=0 



^2-Ki{PN+^s{N)) ST^ g27rj(/3n+|s(n)) 



n=0 



Thus, by ([T4D and ([T5 
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Ug-l 

s-1 9''7-l_9^ -n- 27ri(/32'=+i) 



9=0 k=0 



k=0 



g=0 k-0 

Formulas f|TTl) - f|T^ give an explicit expression for Sm{N) as a linear com- 
bination of products of the form 



(16) n (l + e2-(^2^+3)) , = 1, < t < m - 1. 

Remark 1. One may derive from a very complicated general formula 
of Gelfond [5]. However, we prefered to give an independent proof. 



In particular, if = 2*^, then from ([TT])-([T3]) and ([TSD for 

(17) (3 = -, t = 0,l,...,m-l, 

m 

we obtain the known formula cf. [3]: 

^ m— 1 ^ i 

(18) 5„,a(2^)=-E^"'^^-"n(i 



m— 1 u—l 

2^-5^2* 



e 

m ' 

t=l k=0 



3. Proof of Theorem 1 
Consider the equation of order r 

(19) + ciz"-^ + . . . + = 
with the roots 

(20) z, = n (l-e^-ir), = 1, 2, . . . , r. 

tec,- 
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n+h I h 

(21) n (i-»"'*)= n(i-^"'-) 

fc=n+i yeCj j 

where h is defined by ([7]). Therefore, for every tG {l,...,m — 1}, ac- 
cording to (fT9|) we have 

n+Th 

n (i-^--) 

fc=n+l 
Jt+(r-l)/i 

(22) +ci n (l-e2'^^^)+--- 

fc=n+l 

n+h ^ 

+Cr-i n " e'"'^) + = 0. 

After multiphcation by e"^'^*^'^ 11^=0 ( -'- ~ ) and summing over t = 

1,2, ...,m- 1, by (UHl) we find 

(23) 

C (r)n+rh+l\, q (r)n+{r-l)h+l\ j_ , c ( 0"'+h+l\ j_ „ C ( 0"^+^^ 

i->m,a \^ J-m,a \^ )~r ~rW-l'Jm,a {'^ )~rt-rOm,a \^ ) 

Moreover, using the general formulas (fTT|) - (fT4|) for a positive integer m, 
we obtain the equality 

(24) 

Sm.a (2^"+'«) +ClS^,a (2('-l)^+lii) +■ ■ ■ + Cr.lSm,a (2"+^ti) +C,5^,,(2m) = 0. 

Putting here 

(25) 5*^,0(2 ) = fin,a{'fJ') J 

we have 
(26) 

/m,a(2/+?^/i+l)+Cl/r„,a(?/+(r-l)/l+l)H hCr-l/m,a(?/+/i+l)+Cr/m,a(l/+l) = 
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where 



(27) y = log2 u. 

The characteristic equation of (1271) is 



(28) 



rh 



+ CiV^"-^)'^ + ■ ■ ■ + Cr-lV^ + Cr = 0. 



A comparison of (p8l) and (p0l) - (l2TI) shows that the roots of (!28l) are 



tec. 



(29) ^^j,«. = e— JJ (l- 
Thus, 



e2-irV\ w = 0,...,/i-l, j = l,2,...,r. 



''/i-i 



(30) 



V = max It;, ; I = 2 max 1 I 



sm 



Generally speaking, some numbers in (l20l) could be equal. In view of f l29|) . 
the 's have the same multiplicities. If is the maximal multiplicity, then 
according to (1271), (|30l) 



(31) S'm,a (m) = /m,a (loga^) 

Nevertheless, at least 



(32) 5„,,(u) = 1] (li^) . 

Indeed, let, say, v = |fi,«;| and in the solution of ( 1271) with some natural 
initial conditions, all coefficients of y^^vf^, Ji < — 1, w = 0, . . . , h — 1, 
are 0. Then fm,a{y) satisfies a difference equation with the characteristic 
equation not having roots Vi^w and the corresponding relation for 

'S'm,a(2") (see ( l23l) ) has the characteristic equation (l20l) without the root 
This is impossible since by ( lT8l) and ( 1211) we have 

1 1 A. 

j=i teCj k=i j=i t&Cj 
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Therefore, not all considered coefficients vanish, and (l32l) follows. Now 
from ([30D- ([32]) we obtain ©.B 

Remark 2. In ^ it is sufficient to let I run over a system of distinct 
representatives of the cyclotomic cosets Ci, . . . ,Cr of 2 modulo m. 

Remark 3. It is easy to see that there exists I > 1 such that |C;| = 2 if and 
only if m is a multiple of 3. Moreover, in the capacity of I we can take y. 
Now from ^ choosing I = ^ we obtain that a = A = This result was 
obtained in [9J together with estimates of the constants in Sm.o{x) = 0{x^) 
and Sm,o{x) = ^l{x^) which are based on the proved in [9] formula 



for Ai = Ai(m) < A and Coquet 's theorem [2\. 
Example 1. Let m = 17, a = 0. Then r = 2, h = 8, 

Ci = {1, 2, 4, 8, 16, 15, 13, 9}, Cs = {3, 6, 12, 7, 14, 11, 5, 10}. 

The calculation of ai = 1 + SfcLo(^^ I ^lf~l) /^'^ ^ — ^ ^^'^ ^ — 3 
gives 

tti = -0.12228749 . . . , 03 = 0.63322035 . . .. Therefore by Theorem 1, 
a = 0.63322035 .... Moreover, we are able to prove that 



Indeed, according to (|23|1 . for n = and n = 1 we obtain the system 



S^,o{x) = -Ss,o{x) + O{x^^) 



a = 



ln(17 + 4v^) 
In 256 



('5'l7,0 — 'S'17): 



(33) 



^c^S^^i2^) + C2S^ri2) = -S^ri2^') 

\ciSi7i2'0) + 02^17(22) = -5i7(2i8) 




^17(2^°) = 29, 5i7(2^^) = 697, ^17(2^^) = 969. 
Solving fl5^ we obtain 



ci = -34, C2 = 17. 

Thus, by ([2SD and ^ 
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^17(2"+!^) = 34Si7(2"+9) - 17^17(2"+^), n > 0, 



(35) Sn{2^^x) = 34^i7(29x) - 17Sir{2x), xeN. 

Putting furthermore 



(36) 
we have 



Su{2^) = f{x), 



f{y + 17) = 3Af{y + 9) -17{y+l] 
where y = log2 x. Hence, 



(37) 
where 



/(x) = 0((17 + 4v^)t), 
S^r{x) = O ((17 + 4v^)i'°S2^) = 0(x"), 



a = Mi;±i^ = 0.633220353, 
In 256 



4. Proofs of Theorems 2 and 3 

a) By the conditions of Theorem 2 we have r = l, h = p — 1. Using 
we have 



a = 1 + 



{P 



1 

■i)hr2^"n 

^ k=0 



7r2^ 



sm 



P 



p-i 



1 -p-r TtI 

1 + T-; — In I I sin — . 

{p - 1) In 2 Ai p 



Furthermore, using the identity [4, p. 378] 

p-i 



n 

1=1 



sm 



In p 



p 2P-1 



we find 



a = 1 



(p- l)ln2 



(In JO - (p- l)ln2) 



Inp 
(p- l)ln2' 
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10 



S'p,,(2%)+ciV(2iz)=0. 
Since in the case of a = or 1 we have 

while in the case of a > 2, 

then putting 



u 



1, a = 0, 1, 
a, a > 2, 



we find 

Cl 

In particular, if p = 3, a = 2 we have Ci = 5*3^2(16) = —3 and 



f_X)s(a)+l J 'S'p,a(2^), a — 0, 1, 

\S,4a2P), a>2 



53,2(8^i) =353,2(2«). 

Remark 5. If Artin's conjecture on the infinity of primes for which 2 is a 
primitive root is true, then for a = a{p) we have 



liminf a{p) = 0. 

p^oo 

b) By the conditions of Theorem 3 we have r = 2, h = such that 
for cyclotomic cosets of 2 modulo p 

Cl = — C2. 

Therefore, in ([8]) for li = 1 and I2 = p — 1 we obtain the same values. 
Thus, 

1 

2 , / TT . ttM Inp _ 

a = 1 + — — m I I sm — = — — .■ 

(p-l)ln2 lAl pi (j9-l)ln2 
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Using Theorems 1-3, in particular we find 

a{3) = 0.7924..., a(5) = 0.5804..., a(7) = 0.4678..., a(ll) = 0.3459, 

a{lS) = 0.3083..., a{17) = 0.6332..., a{19) = 0.2359..., q;(23) = 0.2056..., 
q;(29) = 0.1734..., a{31) = 0.6358..., a(37) = 0.1447..., q;(41) = 0.4339..., 
q;(43) = 0.6337..., a(47) = 0.1207... 
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